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Abstract
This proposal investigates the photon-statistics of light emitted by a statistical ensemble of cold atoms
excited by the near-field of an optical nanofiber tip. Dipole–dipole interactions of atoms at such short
distance from each other suppress the simultaneous emission ofmore than one photon and lead to
antibunching of photons.We consider amean atomnumber on the order of one and deal with a
Poissonianmixture of one and two atoms including dipole–dipole interactions and collective decay.
Time tracks of the atomic states are simulated in quantumMonte Carlo simulations fromwhich the
g(2)-photon autocorrelation function is derived. The general results can be applied to any statistical
ensemble of emitters that are interacting by dipole–dipole interactions.

1. Introduction

Single-photon sources are essential building blocks of devices in quantum information science [1]. An ideal
source emits exactly one photon into a single opticalmode at an arbitrarily chosen time, with each photon being
indistinguishable from all others generated by the source. The demand that nomore than a single photon is
emitted at a time typically requires the use of single emitters, for instance single atoms,molecules, quantumdots,
or single defects in crystal lattices [2–10]. The fabrication of such single emitter sources is however technically
demanding [11], whichmotivates the search for new approaches that are simpler to build. The idea presented in
this paper is to collect thefluorescence from ananoscale volume that contains a statistically varying number ofN
emitters with an average on the order of á ñ ~N 1. This contains the possibility thatmore than one emitter is
present within the volume.However, in this case the excitation and emission process can be dramatically altered
due to interactions between the emitters, [12]. By using cold atoms as emitters theDoppler effect ofmoving
atoms can be eliminated.We theoretically analyze the light statistics of the fluorescence of a statisticalmixture of
one and two atomswith andwithout interactions by simulating coherent excitation by a laser field emerging
from the fiber tip, and incoherent emission using a quantumMonteCarlo approach. From the resulting time
stamps at which photons are emitted the corresponding g(2)-function is calculated. The paper is organized as
follows: section 2 defines the problemof how statistical ensembles of emitters can emit light with subpoissonian
statistics and large brightness, which atfirst glance seem to be contradicting requirements. Section 3 contains the
theoreticalmodel used for calculating the fluorescence from two atoms interactingwith a classical pump light
field and by dipole–dipole interactions among them. In section 4 an analytic solution of theHamilton-operator
(neglecting the decay terms) shows that an increasing interaction strength leads to a retardation of the
simultaneous excitation of both atomswhich is eventually responsible for the evolution of a subpoissonian
photon statistics. Section 5 contains results of the quantumMonteCarlo simulationswith interaction strength
δ12 and collective correction γ12 to the decay rate as free parameters. The corresponding g(2) photon-
autocorrelation functions exhibit photon-antibunching for increasing values of δ12. Eventually, section 6 deals
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with the experimental situation of Rubidium atoms at the apex of a nanoscale fiber tip. The simulations take
both the interatomic interaction and the interactionwith the surface of the nanotip into account. The dipole–
dipole interaction strength δ12 and the collective correction γ12 are determined using realistic parameters. The
corresponding g(2) function is calculated from a large number of randomatomic positions.

2. Light statistics of ensembles

The physicalmechanismdescribed in this paper can be applied to any statistical ensemble of emitters in a
nanoscale volume.However, the specific systemwhichwe have inmind is that of an opticalfiberwhich is
tapered down at one of its ends to a nanotip in order to increase interactions with dipole emitters nearby the tip
[13–16].We assume the tip is immersed into a gas of cold atomswith number density ρ, and a classical lightfield
emerging from the fiber end excites atoms in a small volumeV in front of its apex, figure 1. Thus, an average
number of

m r= ( )V 1

atoms is within the volume. The exact numberN of atoms in the volume is poissonianly distributed. i.e. the
probability offindingN atoms in the volume is given by

m
=m

m-( )
!

( )P N
N

e . 2
N

Wewillfirst showhow the light statistics is influenced by such a poissonianly distributed number of non-
interacting emitters. The g(2)(τ)-function
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is proportional to the probability density of the emission of a photon at a time difference τ after the emission of a
first photon. The total photon annihilation operater â refers to a single opticalmodewhich interacts with theN
atoms.We assume that the interatomic distance is well below the optical wavelength such that propogation
effects between photons emitted fromdistant atoms can be neglected. The g(2)-function is scaled such that

t ( )( )g 12 for sufficiently large τwhere no correlations between emission processes exist. Antibunching,
which is the signature of single photon emission, corresponds to a value of g(2)(0)=0. For a single atom the
emission is antibunched due to the time it takes to re-excite the atomonce it is projected to its ground state after
the emission of a photon. For an arbitrary fixed number ofN independent atoms the value of ( )( )g 0

N
2 scales with

the atomnumber as

Figure 1. Sketch: a nanotip is immersed into a gas of cold atoms. The tip emits light and excites thefluorescence of a statistical number
of atoms in a volumeV at the tip apex. Plots: without interactions, the corresponding value of m ( )( )g 02 (blue solid line) is increasingwith
average atomnumberμ in the volume. The corresponding brightnessB of the source (red solid line) is proportional toμ. If
interactions suppress the emission frommore than one atom, the value of =m ( )( )g 0 02 for anyμ (blue dashed line), while the
brightness exhibits amaximum (red dashed line).
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This result is caused by the effect that, whenever one of theN atoms emits a photon, any of the otherN−1
atoms can emit a photon, too. Finally, the contributions of different atomnumbers to the g(2)-function are
weightedwith their statistical probability Pμ(N) offindingN atoms in the volume andwith the rateRN at which
photons are emitted by theN atoms:

åt t= = =m m
=

¥

( ) ( ) ( ) ( )( ) ( )g
R

g P N R0
1

0 , 5
N

N N
2

1

2

with normalization = å m ( )R P N RN N . Note that g
(2)
—functions of different realizations can be averagedwith

their relative weight, when the timescale onwhich the realizations are stable is larger than the correlation time; in
our case i.e. the timescale onwhich the position of an atom changes substantially. The condition is verywell
fulfilled for ultracold atoms at the nanotip.With a velocity of 1mm s−1 theymove over a distance of 1nm
within a time of 1μs, which ismuch larger than the correlation timewhich is on a timescale of

pg =( )1 2 27 ns0 for Rubidiumwith natural linewidth γ0. ForN independent emitters the rate increases as
RN=NR1, i.e. the number of emitted photons increases linearly with the number of atoms. Thus, the
g(2)-function quickly tends to a value of one for increasingmean atomnumberμ, as shown infigure 1.
Nevertheless, antibunching can be observed alsowith statistical ensembles of emitters, if m  1, where—in turn
—the probability Pμ(0) that no atom is in the volume gets high. This effect reduces the brightnessB of the source,
similar to other non-deterministic sources like those based on parametric down-conversion [8].We define the
brightness as total photon emission rate normalized to the photon emission rate of a single atom:

åm = m
=

¥

( ) ( ) ( )B
R

P N R
1

. 6
N

N
1 1

For independent atoms the brightness

åm m= =m
=

¥

( ) ( ) ( )B P N N 7
N 1

is equal to the average atomnumberμ, see figure 1. Interactions are able to reduce the emission rateRN for atom
numbersN>1. In an extreme case, interactions would completely suppress the excitation ofmore than one
atom, and the emission rate for a single atomwould beR1=γ0, whereasRN=0 forN>1. The corresponding
value of the correlation functionwould be g(2)(0)=0 for anyμwith amaximumbrightness ofB≈0.37 for
μ=1, see dashed lines infigure 1. The statistics of this single-photon source shows perfect antibunchingwhile
the brightness is comparable to a single-emitter based photon source. The following sections deal with the
influence of dipole interactions on the light statistics.We focus specifically on the case of one and two atoms.
This is justified by the fact that for increasing atomnumber in the volume the suppressionwill be even stronger
due to the decreasing distance between the atoms.Moreover, for amean atomnumber ofμ=1 the Poisson-
probability that three atoms arewithin the volume is only P(3)=0.06.

3.Quantum jumpapproach for two atoms

The theoreticalmethodwe use in this paper is known as the quantum jump approach to dissipative dynamics
[17–20]. The atomic state Yñ∣ j of atomnumber j=1, 2 is described in thematrix basis of the ground state ñ∣g and
the excited state ñ∣e

ñ = ñ =( ) ( )∣ ∣ ( )g e1
0

, 0
1

. 8

The states are coupled by a laser fieldwith detuningΔ=ωL−ω0 between the laser frequencyωL and the
atomic transition frequencyω0 of the atoms. The Rabi frequency of the coupling is W = dj j , with dipole
matrix element d of the transition, and electricfield amplitude j of the light at the position of the corresponding
atom. In the rotating frame, the effective single-atomHamiltonian reads

=
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The total wavefunction Yñ∣ describing the state of both atoms including correlations is an element of the four-
dimensional tensor productHilbert spacewith the vector basis
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where the operator left and right to⊗ corresponds to atomno. 1 and 2, respectively. TheHamiltonian acting on
the tensor space is given by the single atomHamiltonians (9) via

 = Ä + Ä ( )H H H , 11a 1 2

with two-dimensional identitymatrix . Thus, theHamiltonianwithout interactions is

=
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Dipole–dipole interactions between the two atoms are described by the interactionHamiltonian [21]
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with interaction potential strength δ12 and operators
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The completeHamiltonian is thus given by

= + ( )H H W . 16tot a

The evolution of the densitymatrix is determined by themaster equation in its Lindblad form [21]
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Here, thematrix

g
g g
g g= ( ) ( )18ij
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12 2

is definedwith decay rates γ1 and γ2 of the individual atoms and collective correction γ12 to the decay rate which
will be introduced in section 6, and

= Ä  ( )S S , 191

= Ä  ( )S S . 202

The quantum state trajectory is simulated in time steps with length dt. For each time step the probability that a
jumpm=1, 2 occurs is given by

= áY Yñ∣ ∣ ( )†p L L td . 21m m m

The collective jumpoperators
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b a= L - +- -( ) ( )L S S . 232 2 1 2

are derived following [20] as eigenvectors of thematrix (18)with eigenvalues
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g gD = -g ( ) ( )1

2
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They are linear combinations of the single atom jump operators -Sj with coefficients
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For equal single atomdecay rates γ1=γ2=γ, the collective jumpoperators are given by
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corresponding to superradiant and subradiant decay, respectively. In the case considered in section 6where the
atomsmay have different distance from the nanotip, the single atomdecay ratesmay also differ from each other.
Finally, the decay terms can be included into an effectiveHamiltonian

= - ( )H H Ji , 32eff tot

with

å= ( )†J L L
1

2
. 33

m
m m

The calculated probabilities (21) for the individual jumps are comparedwith a random evenly distributed
number Î [ ]r 0, 1 . If < = - +( )r p p p10 1 2 no jump occurs, and thewavefunction evolves according to
Hamiltonian dynamics withHeff. As the effectiveHamiltonian is notHermitian (due to the decay terms), the
wavefunction is renormalized to its absolute value after each step. TheHamiltonian dynamics can thus be
summarized as

Yñ  Yñ¢ =
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Note that the value of dt has to be chosen such that + p p 11 2 .
If, on the other hand, a jump occurs, i.e. for r>p0, which jumpoperator Lm is applied is given by the value of

r compared to the smallest integerm=1, 2 such thatå >= p rn
m

n0 . This condition is a clever way of
determining the jump operator depending on its probability. After the jump, thewavefunction is renormalized
like in theHermitian case. Thus, the jump dynamics is summarized as

Yñ  Yñ¢ =
Yñ
Yñ
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∣ ∣ ∣
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L
. 35m

m

Beforewe apply this quantum jump approach to specific situationswe present in the following section a general
argumentwhy dipole interactions can lead to the suppression of a simultaneous emission of photons fromboth
atoms. For that reasonwe analytically solve the Schrödinger equation for two atoms including the dipole–dipole
interactions.

4. Analytical solution for two atoms in free space including dipole–dipole interactions

The Schrödinger equationwith theHamiltonianHtot from (16) including dipole–dipole interactions (but
without the decay terms) can be solved analytically.We consider here the case whereΔ=0, andΩ1=Ω2=Ω
in order to keep the calculation as simple as possible. Thus, we have
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The formal solution of the Schrödinger equation is

Y ñ = Y ñ-∣ ( ) ∣ ( ) ( )t e 0 . 37H ti
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Thematrix exponential in (37) can be solved analytically. If initially both atoms are in the ground state, i.e.
Y = ñ( ) ∣gg0 the projection ofΨ(t) onto the doubly excited state is given by
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The probability of a double-excitation = á Y ñ( ) ∣ ∣ ( ) ∣P t ee tee
2 is plotted infigure 2 for varying interaction

strength δ12. An increasing interaction strength slows down the timescale of the excitation process. This is the
crucial feature for the suppression of the photon emission bymore than one atomand leads to a suppression of
the simultaneous emission ofmore than one photon. A further interesting feature can be observed infigure 2,
when Pee(t) is comparedwith the product of the probabilities that respectively one of the atoms is excited,
whereas the state of the other atom is arbritrary. For d ¹ 012 these probabilities differ from each other. This
discrepancy is interpreted as interaction-induced entanglement between the two atoms andwill be analyzed in a
separate work, [22]. In the following section the decay term is reintroduced, and the quantum jump approach is
applied in order to derive corresponding g(2)-functions.

Figure 2.Time tracks of the doubly excited state occupation Pee(t) (red solid lines) for varying interaction strength. In these plots
Δ=0, andΩ1=Ω2. The stronger the interaction strength is, the longer it takes to excite both atoms. The product of the probabilities
that, respectively, one of the atoms is excited (blue dashed lines) differs fromPee(t) for interaction strength d ¹ 012 .

6

New J. Phys. 21 (2019) 035009 E Suarez et al



5.Quantum jumpapproach including dipole–dipole interactions

In this sectionwe analyze general situations which do not depend on a specific geometry, and in particular not
on the presence of a nanotip. For that reasonwe regard the interaction strength δ12 as free parameter.Moreover,
we set both decay rates to the same value γ=γ1=γ2, and –first –neglect the collective decay by setting
γ12=0. The latter assumption is justified in the sense that in real situations δ12 can have arbitrary large values
whereas the collective correction term is always limited to the range g g gÎ -[ ],12 . Time trajectories of the
Hamiltonian (16) including the interaction terms are simulated using the quantum jump approach explained in
section 3. In order to take the Poisson-distribution of atomnumbers into account, the relative length of the
corresponding trajectories is adjusted accordingly.We chose here an average atomnumber ofμ=1.With
P1(1)=0.37 andP1(2)=0.18 the trajectory of the one-atom case is twice as long as that of the two atom case.
The no-atom casewithP1(0)=0.37 is not considered as it does only reduce the brightness, but leaves the
g(2)-function unchanged. Cases withmore than two atoms are also not considered, because their contribution is
small. Each simulation results in a series of time-stampswhen photons are emitted corresponding to the times a
jumpoccurs in the simulation. Finally, the time trajectories for the one-atom and two-atom case are appended
to each other, and from the resulting trajectory the g(2)-function is calculated. Corresponding g(2)-functions
derived from such simulated time trajectories are exemplarily shown infigure 3. From time trajectories as shown
infigure 3 the value of g(2)(0) is evaluated and plotted infigure 4.Without interactions g(2)(0)=0.34 coincides in
good approximationwith the value of a Poissonian statisticalmixture ofN atoms as derived in equation (5). This
justifies the validity of the approximation of neglecting emission frommore than two atoms for the present case
ofμ=1. For increasing interaction strength the value of g(2)(0) tends to zero, and the emission resemblesmore
andmore that of asingle atom. The brightness however does not tend to zero, but saturates at a value given by the
fraction of the duration of the single-atom trajectory as compared to the total time. This corresponds to the fact
that single photons are emittedwith the single-emitter ratewhenever a single atom is in the volumewhereas at
most one photon is emitted at timeswhen two atoms are in the volume. In order to take the effect of collective
decay into account, whichwas neglected in themain part offigure 4, we simulated time trajectories forfixed
values of δ12 and varying γ12. The result is plotted in the inset offigure 4 for δ12=5γ.We observe that the value
of g(2)(0) is increased for g g 12 . This effect ismore pronounced for small interaction strength δ12. For large
values of δ12 the influence of γ12 on the g

(2)-function disappears. Concluding, photon antibunching can be
reached in a statisticalmixture ofN interacting atomswithout the drawback of a low brightness which is a
known issue in standard non-deterministic single photon sources. The following section analyzes the specific
situation of atoms that are excited by the lightfield emerging froma tapered nanotip as sketched infigure 1.
Collective dispersive and radiative effects of the two atoms aswell as the dispersive and radiative influence of the
surface on the individual atoms are taken explicitely into account.

Figure 3.The g(2)-function including interactions between the atoms is plotted for interaction strength δ12=0 (red curve) and
δ12=10γ (blue curve). The length of the simulated trajectories isT1=2×105/γ for the one-atom case andT2=1×105/γ for
the two atom case, with γ=γ1=γ2. The resolution is set to a value of dt=10−3/γ.We checked that the simulation result is
independent from the exact value of dt. For the one-atom case the Rabi frequencies are chosen asΩ1=γ andΩ2=0, whereas for the
two-atom caseΩ1=Ω2=γ. The detunings are chosen to beΔ=0. For comparison, we included the analytical g(2)-function of the
light emitted from a single emitter (black dashed line)withΩ=γ.
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6. Cooperative effects of two atoms at the nanotip

Weconsider two quantum emitters of transition frequencyω0=k0c located at positions = ˆrr r1 1 1 and = ˆrr r2 2 2

in the vicinity of a spherical nanotip of radiusRtip (r1, r2>Rtip), dielectric permittivity ε, and centered at the
origin. The interatomic separation is = -∣ ∣r r r12 1 2 , as shown infigures 5(A) and (B). For large r12, i.e. k r 10 12 ,
the collective correction to the decay rate and dipole–dipole interaction strength are negligible for anymutual
orientation of the dipolemoments, γ12=δ12=0 . Conversely, in the limit of separations r12much smaller than
the optical wavelength, i.e. k r 10 12 , the collective correction and the dipole–dipole interaction strength are
given by the approximate expressions [23]

g g g» ( ˆ · ˆ ) ( )d d , 4212 1 2 1 2

and

d g g» -[( ˆ · ˆ ) ( ˆ · ˆ )( ˆ · ˆ )] ( ) ( )k rd d d r d r3 3 4 , 4312 1 2 1 2 1 12 2 12 0 12
3

respectively, where = ˆdd dj eg j and = ˆrr r12 12 12 with the dipolematrix element deg [23–26]. Our simulations are
based on the general expression valid for arbitrary separations r12 [23, 24]
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Equations (44) and (45) arewell-known expressions for the collective correction to the decay rate and dipole–
dipole interaction strength of two dipole emitters in vacuum [27]. However, here we are interested in the
influence of a spherical nanotip on the two-atomdynamics, which is expected to bemodified not only by the
collective damping but also by the Purcell effect [28]. To this end, we use equations (44) and (45) and substitute
the free-space decay rates by the decay rates γ1 and γ2 of the corresponding atoms not in free space but in the
vicinity of the spherical nanoparticle. Thismeans that the decay-rate enhancement induced by the dielectric
nanofiber tip enters into equations (44) and (45) as a perturbation in the single-atomdecay rates., i.e.
g g g= +j j0

ref , where g j
ref is the reflected-field contribution associatedwith atom j=1, 2. Since g g gµ12 1 2 ,

the approximate collective parameters take into account both the emitted-field contribution from each atom

Figure 4.The value of g(2)(0) (left axis, blue line) tends to zero for increasing interaction strength δ12, whereas the brightnessB (right
axis, red line) saturates at a value ofB=2/3 (forμ=1). In themain part of thefigure, the collective correction is set to zero, i.e.
γ12=0. Collective decay can however increase the value of g(2)(0), as shown in the inset for an intermediate value of δ12=5γ. This
effect disappears for large interaction strength. For small values of δ12 it ismore pronounced and can even lead to the bunching of
emitted photons. The statistical error of g(2)(0) is indicated by the height of the rectangles.
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and the overall reflected-field contribution from the nanofiber tip.We have verified that this approximation
provides accurate results when comparedwith the exact solution as long as we considermoderate permittivities
with Im(ε)=0 and ε>0, i.e. there is no ohmic losses on the dielectric nanotip. To simplify our discussion, we
also consider that the spherical nanotip ismuch smaller than the emissionwavelength, i.e. k0Rtip=1. Under this
last assumption, the single-atomdecay rate is given by [29]

g g g= + -^( ˆ · ˆ ) [ ( ˆ · ˆ ) ] ( )∣∣d r d r1 , 46j j j j j j j
2 2

where

g
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with g w pe= d c3eg0
2

0
3

0
3 the EinsteinA coefficient.

We have verified that equations (47) and (48) are very good approximations for the exact expressions in [30]
when the sphere is subwavelength. The polarizabilityα(ω) of a subwavelength nanosphere, accounting for
radiation damping, is [29]

a w
a

p a
=

-
( )

( )
( )

k1 i 6
, 490

3
0

where a p e e= - +( ) ( )R4 1 20 tip
3 is the quasi-static polarizability of the nanosphere. The transmitted/

scattered electricfield by the spherical nanotip determines the dipolemoment orientation.Within the fiber, we
consider a z-polarized electromagnetic planewavewithwave vector = ˆkk yL L and amplitude E0, where
ωL=kLc is the laser frequency. Sinceweworkwith light tuned close to the atomic resonance, we use @k kL 0.
Outside the spherical nanotip, the local electric field in usual spherical coordinates r=(r, θ,j) is given by [31, p
411] as

Figure 5.Two atoms are positioned at a fixed distance r12=50nm in z-direction (geometry A), resp. in y-direction (geometry B). In
both cases the collective correction γ12 and the dipole–dipole interaction strength δ12 are calculated as function of the atomic positions
defined by r and θ forj=90°, relative to the sphere. The atomic transitionwavelength is set toλ=780nm in order to correspond to
theD2-line of Rb.Note that geometry A is asymmetric with respect to the y axis. Thewhite dashed region in the upper left corner of
(A-i) and (A-ii) thus corresponds to the situationwhere one of the atomswould be situatedwithin the sphere.
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qw
a w
p

q q= - + - -( ) ( ) { ( ) ˆ [ ( ) ] ˆ} ( )E
r

k r k r k rE r r,
4

e 2 cos 1 i sin 1 i , 50L
L k r

0 3
i

0 0 0
20

whereα(ωL) is the effective polarizability of the spherical nanotip given in equation (49). Here, the near- and far-
field contributions are proportional to 1/r3 and k r0

2 , respectively, whereas the intermediate region aremainly
governed by the termproportional to ik0/r

2. Note that the electric field fixes the spherical coordinate system. In
this case, the y axis is directed along the fiber and parallel to the horizontal axis offigure 1. This choice of
coordinates implies Ej=0, which simplifies the expressions. Finally, we consider that the dipolemoment of
atom j is directed along the local electricfield at rj [28], i.e. w w= { ( )} ∣∣{ ( )}∣∣dd E r E r, ,j eg j L j L . This leads to the
Rabi frequency


w wW =( ) ∣∣{ ( )}∣∣ ( )

d
r E r, , , 51j j L

eg
j L

where the electric field is given in equation (50). Note thatwe drop the time-harmonic dependence w-e ı tL in
equation (50), so that equation (51) is the usual definition of the Rabi frequency. Two specific geometries are
considered infigures 5(A) and (B). In these geometries the interatomic distance is kept fixed at r12=50nm, and
the position of the atoms relative to the tip is varied. The two geometries correspond to situations where the
interatomic vector r̂12 is parallel to the y- and z-axis, respectively. The results for the collective correction and the
dipole–dipole interaction strength are plotted infigures 5(A/B-i/ii). The interaction strength is large, i.e.
d g∣ ∣12 0, in a large region around the tip, such that a reduction of the value of g

(2)(0) can be expected according
tofigure 3. Note the fact that the collective parameters δ12 and γ12 aremodulated as a function of the angle θ even
when the atomic distance r from the tip is large. This is caused by the change in the relative orientation of the two
dipoles following the direction of the electric field emitted from the tip.

In order to predict the result of a real experiment we average overmany arbitrarily chosen atomic positions.
For this purpose atoms are randomly placed around the tip in a half-sphere shell in 3Dwith inner radius given by
the tip size,Ri=Rtip=100nm, and outer radius twice as large,Ro=200nm. Its volume is
V=2.9×10−14 cm3. Thus, amean number ofμ=1 atom in the volume corresponds to an atomic density of
ρ=3.4×1013 cm−3 which can be reached in experiments with ultracold atoms. In order to take into account
the poissonian distribution of atoms in the volume forμ=1where the probability of having one atom in the
volume is twice as large as having two atoms in the volume, twice asmany realizations are simulated for the one-
atom case than for the two-atom case.We simulate 100 and 50 realizations, respectively. For each realization a
quantumMonteCarlo simulation is carried outwith the respective parameters γ1, γ2, γ12, δ12,Ω1, andΩ2 given
by the positions of the atoms relative to the tip. TheRabi frequencies are an open parameter, because they are
proportional to the laser power used in the experiment. In the simulation they are scaled such that a Rabi
frequency ofΩ=γ0 is reached at the surface of the nanotip, i.e. at the position r=100nm, θ=90°, and
j=90°within the yz-plane.Moreover, in the one-atom case, the Rabi frequency acting on the second atom and
the collective parameters are artificially set to zero,Ω2=0, δ12=0, and γ12=0. Thus, the second atom is not
excited and has got no influence on thefirst atom. A g(2)-function is calculated from the trajectory of eachQMC-
simulation. The individual g(2)-functions areweightedwith their corresponding rate of photon emission and are
averaged. Such averages are calculated for the one-atom cases and the two-atom cases, and for the statistical
mixture of both. The results are plotted infigure 6. The averaged g(2)-function of the one-atom cases drops to
zero for t  0, as expected for a single emitter. In the two-atom cases the value of the averaged g(2)(0)>0.5.
The dipole–dipole interaction of both atoms leads on average to an increase of g(2)(0) above the non-interacting
case and thus to bunching, although values of ( )( )g 0 0.52 (i.e. strong antibunching) can be reached for
specific positions of the two atoms.However, the photon emission rate of the two-atom case is reduced,
compared to the non-interacting situation. The averaged photon emission rates infigure 6 are given in the one-
atom case byR1A=0. 30γ0, in the two-atom case by g=R 0.422A 0, and in the statisticalmixture byRmix=0.
34γ0.Without interactions the emission rate of the two-atom casewould be g= =R R2 0.62A 1A 0. Thus, the
value of g(2)(0) of the statisticalmixture of atoms is reduced to a value of g(2)(0)=0.25 smaller thanwithout
interactions. At the same time, the brightnessB defined by (6) is with = =B 1.13R

R
mix

1A
comparable to the one-

atom case.
In the simulations shown infigure 6we have neglected the action of theCasimir–Polder (CP) potential on

the atoms.Depending on the distance from the surface this potential changes the atomic transition frequencies
and leads to an effective detuning. The strength of theCPpotential close to a dieletric sphere can be calculated
following [32]. In our situation, i.e. for Rubidium atoms at the surface of a dielectric nanosphere with refractive
index n=1.5 and sphere radiusR=100nm, theCP-shift is comparable with the single atomdecay rate γj
from (46) at a distance of∼40nm. For shorter distances the atomic transition is tuned out of resonancewith the
exciting lightfield. Including theCPpotential into our simulationswe have checked that photon emission from
these atoms is negligible. Furthermore, it has turned out that in specific two-atom cases when one of the atoms is
detuned and the second is not (because its distance is larger), the g(2)-function resembles that of a single atom.
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Averaging overmany arbitrary geometries the value of g(2)(0) is however only slightly smaller than that shown in
figure 6without theCP-shift, which is whywe do not show these g(2)-functions.

7. Conclusion and outlook

The paper investigates the light statistics of the fluorescence from statisticalmixtures of one and two atomic
emitters within a nanoscale volume. The ( )g 2 -function of the emitted light is derived by a quantumMonteCarlo
approach including dipole–dipole interactions between the atoms and collective decay. Themain result of the
paper is the fact that these interactions can improve the antibunchingwhile the brightness of the source tends to
a constant value. This result is interesting for the design of novel single photon sources that are not based on
single emitters but on statistical ensembles. As application, we investigate the situation of cold atoms in a
nanoscale volume at the apex of a nanofiber tip and predict a reduction of the g(2)-function due to atomic
interactions to a value of g(2)(0)=0.25.We expect that the quality of antibunching can be further improved by
optimizing the radius of the nanotip, the atomic density and the light power used. Furthermore,manipulating
the shape of the optical near-field, for instance by depositing tailored plasmonic nanostructures on the tip,may
be amethod to restrict the excitation of atoms to those positionswhere the antibunching ismore pronounced. A
second possibility not explored so far in order tomanipulate the excitation zonewould be to exploit the
resonance shift of the atoms caused by theCP-potential and compensate it in a specific distance from the surface
by the proper detuning. Thefluorescencemay be also collected by the nanotipwhich puts further restrictions on
the atomic positions that contribute to the detected signal [14]. Using Purcell enhancement close to plasmonic
nanotips a collection efficiency ofmore than 95%can be reached [13]. As afinal remarkwewould like to add
that themethodwe introduce can be used also for other types of interactions, for instance van-derWaals
interactions betweenRydberg atoms [33].
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